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Abstract. In this paper, we will show that the limit of the Brown- 
York mass of a family of convex revolution surfaces in an asymp- 
£Nj ■ totically Schwarzschild manifold is the ADM mass. 
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1. Introduction 



o 

Q 

Throughout this paper, we will denote (R 3 , 5^-) as the 3-dimensional 
Euclidean the standard coordinates, r and d as 

the Euclidean distance and the standard derivative operator on R 3 
respectively. Let us first recall some definitions. First of all, we will 
J> ■ adopt the following definition of asymptotically flat manifolds. 

Definition 1.1. A complete three dimensional manifold (M, A) is said 
to be asymptotically flat (AF) of order t (with one end) if there is 
a compact subset K such that M \ K is diffeomorphic to R 3 \ Br(0) 
for some R > and in the standard coordinates in R 3 ; the metric A 



^ ■ satisfies: 



(1.1) Xij = 5ij + aij 
with 

(1.2) \aij\ + r\daij\ + r 2 \dda i:j \ + r 3 \ddda i:j \ = 0( r - T ), 

for some constant 1 > r > |. 

A coordinate system of M near infinity so that the metric tensor in 
this system satisfy the above decay conditions is said to be admissible. 
In such a coordinate system, we can define the ADM mass as follows. 
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Definition 1.2. The Arnowitt-Deser-Misner (ADM) mass (see pQj of 
an asymptotically flat manifold (M, A) is defined as: 

(1.3) m ADM (M, A) = lim — ^ / (Ay,< - Aaj) z/ J <iE°, 

where S r is the Euclidean sphere, i/ie volume element induced 

by the Euclidean metric, v is the outward unit normal of S r in M 3 and 
the derivative is the ordinary partial derivative. 

We always assume that the scalar curvature is in L X (M) so that the 
limit exists in the definition. In [2], Bartnik showed that the ADM 
mass is a geometric invariant. More precisely, he proved the following 
theorem (see [21 Proposition 4.1] for a more general setting): 

Theorem 1.1. Suppose (M, A) is an AF manifold with scalar curvature 
-R(A) G L X (M). Let {Dk}^ be an exhaustion of M by closed sets such 
that the set Sk = dDk are connected C 1 surfaces without boundary in 
E 3 such that 

rfc = inf { \x\ , x £ Sk} — > oo as k — > oo 
r^ 2 Area(Sk) is bounded as k — > oo. 



Then 

Sk 

That is, the ADM mass is independent of the sequence of {Sk}. 



m ADM (M, A) = lim — - / (X ijti - X iitj ) v 3 dY,\ 



On the other hand, there have been many studies on the relation 
between the ADM mass of an AF manifold and the so called quasi- 
local mass. Let us recall the definition of the Brown- York quasi-local 
mass. Suppose (fi, fi) is a compact three dimensional manifold with 
smooth boundary dQ, if moreover dQ has positive Gauss curvature, 
then the Brown- York mass of dfl is defined as (see [H E] ) : 

Definition 1.3. 

(1.4) m BY (dQ) = ±- I (H - H)da 

where H is the mean curvature of dfl with respect to the outward unit 
normal and the metric fi, da is the volume element induced on dQ by 
/i and H is the mean curvature of dQ when embedded in M. 3 . 

The existence of an isometric embedding in R 3 for dfl was proved 
by Nirenberg [15], the uniqueness of the embedding was given by [HI 
[T7J [TB] , so the Brown- York mass is well-defined. 
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It can be proved that the Brown- York mass and the Hawking quasi- 
local mass [5] of the coordinate spheres tends to the ADM mass in some 
AF manifolds, see [6j [10J HI [3j [201 [8], an d even of nearly round surfaces 
|19j . It is therefore natural to ask whether the quasi-local mass of a 
more general class of surfaces tends to the ADM mass. 

In this paper, we will consider a special class of AF manifolds, called 
asymptotically Schwarzschild manifolds, which is defined as follows: 

Definition 1.4. (N,g) is called an asymptotically Schwarzschild man- 
ifold if N = R 3 \ K , K is a compact set containing the origin, and 

9ij = 0%' + bij,(f)= ( 1 + — j , m > 0, 

where + r\dbij\ + r 2 \ddbij \ + r 3 \dddby \ = O (r~ 2 ) . 

Clearly, (N, g) is an AF manifold. For b = 0, (N, g) is called a 
Schwarzschild manifold. In this case, we always denote g as g. Note 
that the scalar curvature of (N, g) is zero [13J (page 283) and that of 
{N,g) is in L 1 (A^), so in both cases the ADM mass is well defined. 

We will study the limiting behaviors of Brown- York mass on some 
family of convex revolution surfaces in an asymptotically Schwarzschild 
manifold. We will first prove the following: 

Theorem 1.2. Let (N,g) be a Schwarzschild manifold, {D a } a> o be an 
exhaustion of N. Suppose {S a = dD a } a>0 is a family of closed convex 
surfaces of revolution in (M 3 , 5ij) with the rotation axis passing through 
the origin, satisfying the following conditions: 

(i) 

(1.5) K > ^ 

where K is the Gaussian curvature of S a with induced Euclidean metric, 

C\ > is independent of a. 

(ii) 

(1.6) 0<H< — 

a 

where H is the mean curvature of S a with induced Euclidean metric, 

C*2 > is independent of a. 

(Hi) 

(1.7) C^a < minr(x) < maxr(x) < C 4 a 

where Cj > are independent of a. Then 

lim m BY {S a ) = m ADM (N,g). 
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One example of surfaces satisfying the conditions in Theorem 11.21 
(and also Theorem 11.31 below) is the family of ellipsoids: 

^={(x 1 ) 2 + (x 2 ) 2 + ^ = a 2 

which is not nearly round |19J . In contrast, the Hawking mass of this 
family of ellipsoids in (N, g) does not tend to the ADM mass of (N, g), 
indeed one can check that the Hawking mass of this family tends to 
negative infinity as a — > oo. 

Remark 1.1. The above conditions (i) and (ii) imply that the principal 
curvature A of S a in (R 3 ,5) satisfy 

(1.8) ^<A<^. 

L>2a a 

for any a. For if < Ai < A2 are the principal curvatures, then (11.61) 
implies 

(1.9) A 2 < ^. 

a 

Together with (II. 5p . 

(1-10) Ai > -r-~2 ^ ~7^~' 

A 2 a C 2 a 

Remark 1.2. By condition (i) of Theorem \1.2\ and the Gauss-Bonnet 
theorem, the Euclidean area of S a is of order 0(a 2 ) . 

Then we will generalize the result of Theorem 11.21 to an asymptoti- 
cally Schwarzschild manifold: 

Theorem 1.3. Let (N,g) be an asymptotically Schwarzschild mani- 
fold and S be a C 6,a (0 < a < 1) closed convex revolution surface 
parametrized by 

(1.11) (w((p) cos 9,w((p) sin 6, h(<p)), < 9 < 2n and < <p < I. 

Then there exists e > such that for any family of C 5 ' a closed convex 
revolution surfaces S a in (R 3 , 5) satisfying (1 1.51) - (1 1.71) and is parametrized 
by 

(aw a (<p) cos 9, aw a ((p) sin9, ah a (<p)) , < 9 < 2% and < tp < I 
such that 

(1.12) \w a - w\ C i + \h a - h\ C 4 < e for a » 1, 
we have 

lim m BY {S a ) = m ADM (N,g). 



Brown- York mass of revolution surface 5 

From this result, one has 

Corollary 1.1. Let (N,g) be an asymptotically Schwarzschild mani- 
fold. Let {Si} be a family of C 7 closed convex revolution surfaces in 
(M. 3 ,8) satisfying (11.5p - (jl.7j) and is parametrized as: 

(a,iWi(<p) cos 9, aiWi(ip) sin 9, aihi(tp)) , < 9 < 2% and < ip < I 

for some constant I > 0, here eij are positive numbers with lim = 

+oo. If there is a constant c such that 

(1.13) \Wi\c-r + \hi\ C i < C 

for all i, then there is a subsequence {Si k } of {Si} such that 
lim m BY (S ik ) = m ADM (N,g). 

k— »oo 

This paper is organized as follows. In section 2, we will prove Theo- 
rem 11.21 Theorem 11.31 will be proved in section 3. 
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2. Proof of Theorem 11.21 

For simplicity, from now on to the end of the paper, we use O (a -1 ) 
to denote a quantity which is bounded by Ca^ 1 for some constant C 
independent of a as a is big enough. Similar for 0(1), O (or 2 ) and 
O (cT 3 ). We will first compute the mean curvature of S a in (N, g) and 
of the embedded surface of the Euclidean space respectively. 

From the assumptions of S a , we can assume that S a is parametrized 

by 

(2.1) (aw a ((p) cos 9, aw a (p) sin 9, ah a ((p)), < ip < l a , < 9 < 2%, 

Wa('p), h a ((p) being smooth functions for ip G [0, l a ] (i.e. w a , h a can be 
extended smoothly on a slightly larger interval ). Moreover, 

(i) 

h a {0) > h a {l a ) 

(2.2) C 3 <^wJTK<C 4 

w a > on (0,/ a ), 

(ii) The generating curve (w a (<p), h a (<p)) is parameterized by arc length, 
i.e. 

(2.3) w'l + Ul = 1. 
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(iii) w a is anti-symmetric about and l a , h a is symmetric about and 
L, i-e. 



(2.4) 



Wa(-<P) = -W a {<f), W a (l a + <p) = ~W a {l a - if), 



h a (-<p) = h a (ip), h a (l a + (p) = h a (l a - if) for ip G [0, e). 
This implies 

(2.5) w a (0) = w a (l a ) = h' a (0) = h' a (l a ) = 0. 

Since S a is convex in (R 3 , 5) and the Gaussian curvature K of S a with 
the induced metric ds 2 is 



(2.6) 



if 



a?w a 



for G (0,Z B ). 



So /i' a < for <p G (0, f a ) by Q . 

Let a be the function restricted on S^, note that in (</;, 0) coordi- 
nates, a = (f> a ((p) is independent of We have the following lemma: 
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Lemma 2.1. 27ie functions and -j can be extended continuously 

to the whole [0,l a \- Moreover there exists a constant C independent of 
a such that 



hi 



< C, 



h' 



C 
< — 

a 



(2.7) 
for all a. 

Proof. We first show that the limits 

(2.8) lim^lim^, 

^0 h' a h' a 

exist and are bounded by C. 

The Gaussian curvature K of the point (0, 0, a/t o (0)) on S a with 
induced Euclidean metric is equal to 

h"(0) 2 

(2.9) K - a{ ' 



This can be shown by the fact that for an arc-length parametrized 
plane curve (w a (<p), h a ((p)), its curvature is given by —w" a h' a + h"w' a . So 
at (0,/i a (0)), its curvature is /i"(0). 

As K > -± by ((TSJ, 1^(0)1 > v/Ci" > 0. By L'Hospital rule, 



a- 



(2.10) 



hm — 



<(0) 

*Z(o) 
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which is finite and is bounded by some C > by ( 11. 5ft and ( 12. 3ft . The 
same applies to lim — p. 

Next, observe that one of the principal curvatures of in (M 3 , 5) is 

[7] p. 162, (10)). So by Remark 11.11 we have 



aw.. 



[2.11] 



w a 



h' 



on the whole [0, l a ] for all a. 
By differentiating <p a = 1 + 



< C 



(2.12) 



2a v ^f + ^' 

, w a 



K 2a(wl + hl)V a h' a 



W a — + h a ) 



which can be extended to [0, l a ] by the above, and is of order O (a 
by ([22J, (Q. 

We have the following estimates 
Lemma 2.2. Regarding <fi a = 4> a {f) Q>s functions on S a , we have 
(2.13) 01 = 0(0, ^ = 0(a" 1 ). 



□ 



Proof. Let A = ^ + h\. As </> a = 1 + 



20^ 

(2.14) (iH) ; = 0(l), (A"*)" = 0(1). 

By direct computations and (12. 2p . (12. 3p . 



we only have to prove 



(2.15) 

and 
(2.16) 

\(A- 



\(A-z)'\ = \A-Hw a w' a + h a ti a )\ 

<A-Hv£+hi)Hv£ + h2)t 

= 0(1) 



-A Hw a w' a + h a h' a ) 2 - A- 3(1 + io alo ^ + fc^') 



A-ni + K + ^)^K 2 + ^ 



The two principal curvatures of S a with induced Euclidean metric are 
h' 

-2- and a- x « 2 + frf)5 (0 p.162, (10)), hence by Remark CCD 



\{A--*)»\ = 0{1). 



□ 
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From now on, we will drop the subscript a and denote w a by w, h a 
by h, 4> a by <f> and l a by I. We also denote ds 2 to be the metric on S a 
induced from g. 

Lemma 2.3. The Gaussian curvature K of (S a , ds 2 ) is positive for 
large enough a. In particular, there exists a unique isometric embedding 
of (S a , ds 2 ) into (IR 3 , 5) for sufficiently large a. 



Proof. Let ds 2 be the metric on S a induced by 5 and ds 2 be that induced 
by g. Since 

ds 2 = a 2 (dip 2 + w 2 d0 2 ) = Edip 2 + Gd9 2 and 
ds 2 = ^ds 2 = Edip 2 + Gd6 2 , 

one has 

E = E + 0(a),E v = E ip + 0(a), E w = E w + 0(a) 
and E e = E e + 0(a), E ee = E ee + 0(a). 
Similar result holds for G. By the formula 

(2 ' 17) K ~~7W {{tw) e + ivw) , 

and the corresponding formula for K, one can get K = K + O (a~ 3 ). 
Hence the lemma holds. □ 

Now let us compute the mean curvature of a revolution surface in 
(R*,5). 

Lemma 2.4. For a smooth revolution surface S in (IR 3 , S) parametrized 
by 

(2.18) (au((p) cos 9, au(ip) sin 6, av(ip)), < y? < I, < 9 < 2n, 
its mean curvature H with respect to S is 

< 2 ' 19 ' B = ^~^-^ ^reT=V^. 
Proof. The mean curvature H of S with respect to 5 is computed to be 

- v'u" — u'v" v' 
2-20 H= — — . 

v ; aT 3 aTu 

By differentiating T 2 , 

(2.21) u'u" + v'v" = TT' 



which implies 



(2.22) 



So we have 
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i n i ii i ii i u u 

vu —uv =vu H 



u' 2 + v' 2 )u" - u'TT' 



T 2 u" - TT'u' 



u" T'u' v' 

H 



aTv' aT 2 v' aTu 
The lemma is proved. □ 

Lemma 2.5. The mean curvature H of S a with respect to g is 

< 2 - 23 > "^-^ + 4 ^> 

where n is the outward unit normal vector of S a with respect to S. 



Proof. By Lemma [2.41 the mean curvature of S a with respect to 5 is 

w" h! 

(2.24) H = \ f - A.. 

an aw 

The mean curvature H of S a with respect to g is ([H], page 72): 

(2.25) H = c/)- 2 (H + Acp^n 



where n is the outward unit normal vector of S a with respect to 5. 
Therefore 

w" h' 
a<p z h' a(p z w 

□ 

Lemma 2.6. For sufficiently large a, there is an isometric embedding 

of (S a ,ds 2 ) into (M?,5) which is given by 

(2.26) 

x 1 = au(ip) cos 9, x 2 = au(ip)sm6, x 3 = av(ip), 0<(p<l,0<6<2n 



where 

u = (f) 2 W 

(2.27) v> = ^ ( 1 - 2<P ' WW ' 



h' 2 



+ 0(a-)) 



12 , 12 
U + V 
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Proof. The existence has already been proved in Lemma 12.31 

In (ip, 9) coordinates, the metric on S a induced by g can be written 
as: 

(2.28) ds 2 = a 2 (j) 4 dtp 2 + a 2 (P A w 2 d9 2 . 

We can regard (S a ,ds 2 ) as § 2 , the sphere with the metric ds 2 . Now 
we want to find two functions u, v such that the surface written as the 
form (I2.26P is an embedded surface S% of S a into (M 3 ,5). First of all, 
the induced metric by the Euclidean metric on the surface which is of 
the form (I2.26P can be written as: 

ds 2 e = a 2 (u' 2 + v' 2 ) dp 2 + a 2 u 2 d9 2 . 

Comparing this with (I2.28p . one can choose 

(2.29) u = (p 2 w. 



Consider 



^ - u ' 2 = 2 (</> 2 - (2(f>'w + <J>w') 2 ) 

= <J) 2 ((f) 2 (w' 2 + h' 2 ) - (2<f)'w + <J>w') 2 ) 



(2.30) = ^(tfh' 2 - 4#W - 4< 



4(f)'ww' 4(f)' w 



12 2 

W 

'2„„2 



i' 2 6 2 h' 2 



By Lemma 12.11 and Lemma 12.21 the functions , can be 



(j)'ww' (j)' 2 W 2 

W 2 



(j) 1 WW 1 (f)' 2 V0 2 

extended continuously on [0, 1} with = 0(a~ x ), = 0(a~ 2 ) 



(ph' 2 v " (p 2 h' 2 

4$' ww' 4(f)' 2 w 2 
(f) 2 h' 2 



So 1 —5 > for sufficiently large a. For these a, we 

A\r\' £ 'If 



can take 

(2 - 31) v= ^ h K"W r "W r 

so that 

(2.32) u' 2 + v' 2 = (f) 4 . 

Note that by (12. 4p . v' is an odd function for ip e [—1, 1}. By choosing an 
initial value, one can get an even function v. By the above argument, 
one has 

(2.33) „< = v(l-^+O( O -)). 
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From (12.291) and (12.30!) . ne & r tp = 0, u, v can be extended naturally 
to (— e, e) for some e > 0. Since u is an odd function in tp , v is an even 
function in (p, and u' 2 + v' 2 = T 2 > 0, the generating curve in {x 2 = 0} 
is symmetric with respect to x 3 -axis, and is smooth at ip — 0. Similarly, 
it is also smooth at tp = I. Hence the revolution surface determined 
by the choice of u, v as above, can be extended smoothly to a closed 
revolution surface, which is an embedded surface of S a . This completes 
the proof of the lemma. □ 

Now we are ready to prove Theorem 11.21 

Proof of Theorem ! 1.2[ Let u, v be defined as in Lemma [2761 Recall that 

u = <p 2 w 

(2.34) ,/ = ^v(l-^ + 0( -)) 

u' 2 + v' 2 = 6 4 = T 2 where T = 6 2 . 



By Lemma [2.21 we have 

T' = 24>' + (a' 2 ) 
(2.35) u' = <f) 2 w' + O (a" 1 ) 

u" = <f) 2 w" + A4>'w' + 24>"w + O (a' 2 ) 
By Lemma 12.41 and Lemma 12. 6[ 

u" T'u' v' 



(2.36) H y 



o 



aTv' aT 2 v' aTu 



Combining with Lemma I2.5[ 
(2.37) 

u" w" \ T'u' ( v' h' 



H «- H= \al^'-^)-an'-{^u-^- Ar ^ 



am*w 



Using dUMD and fT2~35D . 
(2.38) 

u" w" w" M'w' 2<j)"w 2(j)'ww'w" w" „ , „ N 



aTv' acf) 2 h' acj) 2 h' ah' ah' ah' 3 acj) 2 h 

Acj)'w' 2cj)"w 2cj)'ww'w" 



ah' ah' ah' 3 
By (ETJU) and (12735]) . 



O (a" 3 ) . 
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By (EM), 

v' ti ti 20V ti os 

, 240 , -^ + ^ = -^ + ^ + ^ +0 (° ) 

Summing (I2.38p . (I2.39j) and (12.401) and comparing with (I2.37p . we have 

(2 - 41) ° ~ + "sr + — 40 " w + (o ) ■ 

As wV = -W by (|23)L so 

(242) , -,^ + ^-^-^„ W+o(o -3 ) . 

Denote the Euclidean area element of by da 0) the area element of 
(So, ds 2 ) by da. Note that H - H = O (a" 2 ), da - ofo- = O (cr 1 ) da 

and / dao = O (a 2 ). To prove the result, it suffices to show 

1 f 

lim — / [Ho — H) do~o = m. 

a^oo STI J s a 

The Euclidean area element is computed to be 

(2.43) dao = a 2 wd(pd9. 

By (12. 5p and Lemma [2.11 

10V + 20" w 20 W 
S ' ah' ah' ah' 2 

f l A(f)'ww' 20" w 2 2<j/w 2 ti\ , 
2 ™ / ( — r, + ^7 TJ, — ) d( P 



(2.44) J v /i' /i' /i' 2 



o 



0. 



Since the norm of the Euclidean gradient of has |Vo0| = 0(r 2 ), one 
has n(0) = 0(a" 2 ). So 



(2.45) 



/ {H -H)da = ~ f 0- 3 n(0)da o + O (aT 1 ) 
= -— / n(0)c/a o + O (a" 1 ) . 
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By Theorem 11.11 or Proposition 4.1 in [2], the definition of the ADM 
mass of iV can be taken as 



(2.46) lim ^— I y^(gij,i- gu 7 j)n j d(To - 

a^oo 1D7T lq * — ' 
a i,j 



where n is the unit outward normal of S a with respect to 5. By a direct 
computation, 

(2.47) »/,,; - gn,j)n j = -8^V'|^ = -8n(</>) + O {a' 3 ) . 



Combining (12.461) and (12.471) . we have 



(2.48) m = - lim — / n((f))d<j . 

a— too Z7T 



Sa 



Therefore 



(2.49) lim — / (H - H)da = lim — / (H - H)da = m. 

a— too STT J s a a^oo 8lT J $ a 

We are done. □ 



3. Proof of Theorem 11.31 

We will reduce the case of Theorem 11.31 to the Schwarzschild mani- 
fold. Let us compare the mean curvature before embedding. 

Lemma 3.1. For the surfaces S a satisfying the conditions in Theorem 
we have 

\H-H\< Ca- 3 

for some constant C independent of a, where H and H are the mean 
curvatures of S a with respect to g and g respectively. 

Proof. We claim that 

(3.1) \A- A\ g = O (a' 3 ) 

where A and A are the second fundamental forms with respect to g 
and g respectively. 

Let p(x) defined on iV to be the distance from x to S a with respect 
to g. We will use the fact pjj (7.10)]: 

(3.2) A{X, Y) - \Vp\ g A(X, Y) = (l* - f * ) 
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for any tangent vectors X, Y of S a . For completeness, we prove it here. 
We proceed as in [TjJ] Lemma 2.6. First of all, we have 



(3.3) 



A(x ' Y) ^{ Vx iw£)' Y 

g(Vx(Vp),Y) 
|Vp| s 

X{Y(p))-(V x Y)(p) 



■yn ... 



|Vp|p 

here the subscript denotes ordinary derivative and r&- are the Christof- 
fel symbols with respect to g, with the indices i,j, k = 1,2,3. Denote 
r^- to be the Christoffel symbols with respect to g. Then since the g 
gradient |Vp|g = 1, we also have 

(3.4) A(X, Y) = X^ Pij - .Y'VMt^,. 

Combining this with (13.31) . we can get (13.21) . 

Note that |rf- — = O (r~ 3 ) by the assumptions of the metrics. 

By asymptotic flatness, 1 = g^PiPj > C^^p 2 , so \ Pi \ is uniformly 
bounded. The condition g t j = g^ + implies \g^ — g^\ = O (r~ 2 ), so 

(3.5) \\Vp\l-l\ = \(gV-~gV)p lPj \=0{r- 2 ) 
which implies 

(3.6) \V P \ g = l + 0{r- 2 ). 

Finally, the principal curvatures Aj in Euclidean metric are of order 
O (a~ l ) by Remark II. 1| the principal curvatures Aj with respect to g 
are related to A, by ([13] Lemma 1.4): 

(3.7) Xi = cj)- 2 \i + 2<j)- 3 n((j)) 

where n is the unit outward normal with respect to 5. In particular, as 

n{<P) = 0(a- 2 ), 

(3.8) \A\ g = 0{a- 1 ). 

Combining all these together with (13.21) . it is easy to see that (13.11) 
holds. Combining (13. ip and the metric conditions of g and g in Defini- 
tion [T31 this implies the lemma. □ 
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Let (S a , ds 2 ) , (S a , ds 2 ) denote the surface S a with metric ds 2 , ds 2 in- 
duced from g, g respectively. By Lemma I2~3l for a >> 1, the Gaussian 
curvatures on (S a ,ds 2 ) and (S a ,ds 2 ) are both positive, which implies 
that they can be isometrically embedded into (M 3 , 5) uniquely. Now let 
us compare the mean curvature after embedding: 

Lemma 3.2. Under the same notations and conditions of Theorem ! 1.3[ 
Let H , H be the mean curvature of the embedded surfaces of (S a , ds 2 ) 
and (S a ,ds 2 ) in (R 3 ,5) respectively, as a >> 1, we have \H — H \ < 
C§a~ 3 for some constant C§(S). 

Proof. We can set (p = j<p, so it suffices to show that the lemma holds 
for I = 7r. Also, by identifying S and S a with the sphere § 2 , we can 
regard all the metrics here (ds 2 etc.) to be metrics on S 2 . We will 
denote w a as w and h a as h. Similar to (|2.28p . one has 

ds 2 = a 2 (((w'f + (hf) dip 2 + w 2 d9 2 ) and 

(3.9) . VV . J 
ds 2 s = ^w') 2 +(h') 2 ) d<p 2 + w 2 d6 2 

which are the metrics on S a and S induced from the Euclidean metric 
respectively. By definition, 

(3.10) ds 2 = (f) 4 ds 2 , ds 2 = ds 2 + b ij dx i dx j \ s . 

From (11.121) . w and its derivatives up to forth order are uniformly 
bounded for a >> 1, the same holds for h. By the conditions of 6^, it 
is easy to see that the followings hold: 

(3.11) \\a~ 2 ds 2 — a -2 <is 2 || C 3 = a~ 2 \\b i jdx' l dx : '\sa\\c :i < C e a~ 2 , 

(3.12) Wards' 2 - a- 2 ds 2 \\ c z = a" 2 ||(0 4 - l)ds 2 \\ c z < C^ 1 
for some constant C%[S\ By (11.121) . we have 

(3.13) \\a- 2 ds 2 -ds 2 s \\ C 3 <C 7 e 

for some constant Cf(S). So for a » 1, by (13.121) and (13 . 1 3j) . we have 
\\a~ 2 ds 2 - ds 2 s \\ C 3 < (C 6 + C r ) e. 

By the result of [HI Lemma 5.3], if we choose some < e < — — 

such that 

\\a~ 2 ds 2 — ds 2 s \\c2,a < 5 
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for a big enough, where S is the one given by [HI Lemma 5.3], then there 
are isometric embeddings X and X of (S> 2 , a~ 2 ds 2 ) and (S> 2 , a~ 2 ds 2 ) 
respectively, such that by (13.111) . for sufficiently large a, 

\\X - X\\ C 2, a < C 8 \\a- 2 dS 2 - a- 2 ds 2 \\ C 2, a = O (a~ 2 ) 

for some constant Cg(S). Since aX,aX are the isometric embeddings 
of (§ 2 , ds 2 ) and (§ 2 , ds 2 ) respectively. Hence \H -H \ = O (a" 3 ) . The 
lemma holds. □ 

Now we can prove Theorem 11.31 

Proof of Theorem \1.3l By Theorem 11.21 we know that 

lim — / {H - H) da = m ADM (N, g). 

Since the ADM mass of (N,g) is equal to that of (N,g), combining 
with Lemma [3. II and Lemma [3.21 we can get the result. □ 
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